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Abstract. For any group G, we define a new characteristic series related to 
the derived series, that we call the torsion-free derived series of G. Using this 
series and the Cheeger-Gromov p-invariant, we obtain new real-valued homol- 
ogy cobordism invariants p n for closed (4fc — l)-dimensional manifolds. For 
3-dimensional manifolds, we show that {p„\n £ N} is a linearly independent 
set and for each n > 0, the image of p n is an infinitely generated and dense 
subset of ffi. 

In their seminal work on knot concordance, T. Cochran, K. Orr, and P. 
Teichner define a filtration -T^j of the m-component (string) link concordance 
group, called the (n)-solvable filtration. They also define a grope filtration 

■ We show that p n vanishes for (n + l)-solvable links. Using this, and the 
non-triviality of p n , we show that for each m > 2, the successive quotients of 
the (n)-solvable filtration of the link concordance group contain an infinitely 
generated subgroup. We also establish a similar result for the grope filtration. 
We remark that for knots (m = 1), the successive quotients of the (n)-solvable 
filtration are known to be infinite. However, for knots, it is unknown if these 
quotients have infinite rank when n > 3. 



1. Introduction 

The main objective of this paper is to investigate the set of 3-dimensional mani- 
folds up to homology cobordism. To do this, we define, for each n G N, an invariant 
of (4fc — l)-dimensional manifolds (k > 1) that we call p n . Loosely speaking, 
p n (M) is defined as a signature defect closely associated to a term of the torsion- 
free derived series of tt\{M) and (for smooth manifolds) can be interpreted as the 
Cheeger-Gromov invariant of M associated to the n th torsion-free derived regular 
cover of M. Using a derived version of Stallings' Theorem [5J, we show that p n 
is an invariant of homology cobordism whereas the Cheeger-Gromov p invariant 
associated to an arbitrary cover is only a priori a homeomorphism invariant. 

Theorem 14.21 If M-^ _1 is rationally homology cobordant to M% _1 (k > 1) then 
p n (M 1 ) = p n {M 2 ). 

To define the invariant p n , we first define a new characteristic series {G^} of a 
group G (Section[2]) closely related to the derived series, that we call the torsion-free 
derived series and establish its basic properties. One should view the torsion- free 
derived series {G^} of a group G as a series that is closely related to the derived 
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series but whose successive quotients G£ /G 



(n+l) 



are torsion-free as Z[G/G' 



O) 



H 



H 



modules. This can be compared to the rational derived series GY l > (studied in [20]) 
which is a series whose successive quotients are torsion-free as abelian groups. 

Let M be a (4fc — l)-dimensional manifold and let G = ni(M). p n (M) is defined 
as follows (see Section [3] for more details). Recall that for any group A, the L 2 - 
signature tr^' is a real- valued homomorphism on the Witt group of hermitian forms 
on finitely generated projective WA-modules, where UK is the algebra of unbounded 
operators associated to the von Neumann algebra of A. Following Hausmann [21], 
we show (see Lemma 13.41 and Corollary 13.51) that for every coefficient system <fi : 
G — > G/G ( h +1 \ there exists a positive integer r and a 4fc-dimensional manifold W 
such that the pair (rM, rcf>) is stably nullbordant via (W, $ : tti(W) — ► A). Let h\y 
be the intersection form associated to the regular A-covering space of W and let a 
be the ordinary signature function. We show in Lemma l51)l that -(cr£ (hw)—o~(W)) 
is independent of the stable nullbordism {W, $) and define 



More generally, we define pr for any coefficient system <f) '■ 7Ti(M) — > T (note 
that one can also define pr via the Cheeger-Gromov construction for smooth man- 
ifolds). Hence one could also study p( n )(M) (respectively p l r f s (Mj), the canoni- 
cally defined p-invariant associated to T = 7Ti(M)/7Ti(M)( n+1 ) (respectively F = 
7ri(M)/7ri(M)5 l " 1 ) where G^ (respectively G„ s ) is the n th term of the derived 
series (respectively lower central series) of G. Despite the fact that the torsion-free 
derived series may seem a bit unwieldy, we focus on p n (rather than or p l ^ s ) 
since it gives an invariant of rational homology cobordism and provides new infor- 
mation about the structure of the (n) -solvable and grope filtrations of the (string) 
link concordance group (see below and Section^. By contrast, p(„) is only a home- 
omorphism invariant. One can use Stallings' Theorem 31j and follow through the 
proof of Theorem l4.2l to show that p l ^ s is a homology cobordism invariant. However, 
we choose to use p n in our work since it is more directly related to the (n)-solvable 
and grope filtrations of the link concordance group than p l £ s . 

We show that the p n are highly non-trivial and independent for 3-manifolds 
(Section [5]). To accomplish this, we construct an infinite family of examples of 3- 
manifolds {M(r], K)} that are constructed by a method known as genetic infection. 
More specifically, to construct M(rj, K) we start with a 3-manifold M and infect M 
by a knot K along a curve rj in the n th term of the derived series of the fundamental 
group of M. We prove that pi(M(r], K)) depends only on n and po{K), where po{K) 
is the integral of the Levine-Tristam signatures of K. 



Theorem 15.81 Let M be a compact, orientable manifold, r\ an embedded curve in 
M, K a knot m S 3 , and P = tti(M). Iff] G - P { ^ +1) for some n>0 then 



Let be the set of Q-homology cobordism classes of closed, oriented 3-dimensional 
manifolds. Using the set of examples {M(rj, K)} with varying K we establish the 
following theorem. 

Theorem 15. Ill The image of p n : Hq — * R is (1) dense in K and (2) an infinitely 
generated subgroup of K . 



p n (M) = -(a^(h w ) 



a(W)). 
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Moreover, in Theorem 15. 131 we show that {p n } is a linearly independent subset of 
the vector space of functions on Hq. 

We remark that S. Chang and S. Weinberger [5] use a similar type of signature 
defect, one associated to the universal cover of a manifold, to define a homeomor- 
phism invariant T( 2 ) of a (4fc — l)-dimcnsional manifold (k > 1). Using T( 2 ) they 
show that if M is a (4fc — l)-dimensional (smooth) manifold with k > 2 and ir±(M) 
is not torsion-free then there are infinitely many (smooth) manifolds homotopy 
equivalent to M but not homeomorphic to M. 

For the rest of the paper, we turn our attention to the study of link concordance. 
Recall that if two links L\ and L 2 in S 3 are concordant then Ml ± and Ml 2 are 
homology cobordant where Ml is the zero surgery on L. We define p n (L) — p n (M^) 
for a link L in S 3 . Hence, by Theorem 14. 21 p n is a link concordance invariant. 

In [TT], T. Cochran, K. Orr and P. Tcichner defined the (n)-solvable (and grope) 
filtration of the knot concordance group C. In [11 and their two subsequent papers, 
[12l[T3], they showed that the quotients / ^(n+i) of the (ro)-solvable filtration 
of the knot concordance group are non-trivial. In particular, they showed that for 
n = 1, 2, J-r n )/ F(n+i) has infinite rank and for all n > 3, the quotient has rank at 
least 1. It is still unknown if any of the quotients is infinitely generated for n > 3. 
In the current paper, we investigate the (n)-solvable (and grope) filtration of 
the string link concordance group C(m) and the subgroup generated by boundary 
links B(m) for links with m > 2 components. Since connected sum is not a well- 
defined operation for links, it is necessary to use string links to obtain a group 
structure. Using p n we show that, for m > 2, each of the successive quotients of 
the (n)-solvable filtration of the boundary string link concordance group BJ^ n ) is 
infinitely generated. 

Theorem 16.81 For each n > and m > 2, the abelianization of BJ-^JBJ-Y^ +1 s 
has infinite rank. In particular, form > 2, BJ 7 ^/BJ 7 ^ l+1 j is an infinitely generated 
subgroup of T^jT^y 

We note the previous theorem holds "modulo local knotting" (see Corollary 16. 9| . 
hence this result cannot be obtained using the work of Cochran-Orr-Teichner on 
knots. We also prove a similar statement for the grope nitrations BQ™ and <5™ of 
the boundary and string link concordance groups respectively. 

Theorem 16. 131 For each n > 1 and m > 2, the abelianization of BQ™ / BQ™ +2 has 
infinite rank. Hence BQ" 1 / BQ™ +2 is an infinitely generated subgroup of Q™ /Q™ +2 . 

We also prove that the abelianization of BQ™/BQ™ +1 has non-zero rank for n > 2 
and m > 2 in Proposition 16. 141 We conjecture these quotients groups are in fact 
infinitely genererated. 

To prove Thcorcm l6.81 we first show that p n is additive when restricted to B(m), 
the subgroup of C(m) consisting of m component boundary string links. We note 
that p n is not additive on C(m) itself. 

Proposition [6771 For each n > and m > 1, p n : B(m) — > R is a homomorphism. 

Next, we show that (n + l)-solvable links have vanishing p n . Thus, for each 
n > 0, p n is a homomorphism from BT^/BT 1 ^^ to M. 
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Theorem 16.41 If a 3 -manifold M is (n)-solvable then for each (n)-solution W and 
k < n, the inclusion i : M — > W induces monomorphisms 

(1) u ■ Hi(M;K(iri(W)/iri(W)™)) Hi(W;K(ti(W)/ki(W)<*>)) 
and 

r9 s ■ MM) MW) 

u *\,{M)% +1) -iwr ir 

and 

(3) p*_i(Af) = 0. 

Thus, if L £ ^T n ) ^ien pk-i(L) — /or k < n. 

To complete the proof of Theorem 16.81 we construct a collection of links that 
are (n)-solvable and have independent p n . To do this we perform genetic infection 
on the TO-component trivial link using some knot K along some carefully chosen 
curve r\ in where F is the fundamental group of the trivial link. This produces 
a collection of boundary links {L(r/,K)} that are (n)-solvable and such that the 
image of p n restricted to {L(r],K)} is infinitely generated. 

We remark that the invariant p n is related to certain "finite" concordance invari- 
ants of boundary links associated to p-groups. Suppose L is a boundary link with 
to components. Then there is a surjective map 7r : G — > F where G = tti(Mi,) and 
F is the free group on m generators. By Theorem 4.1 of [5] (respectively Stallings' 
Theorem [31]), G/G^ = F/F^ (respectively G/G n ^ F/F n ). Moreover, M L is 
the boundary of a 4-dimensional manifold W over F. Since F/FW and F/F n are 
residually finite p-groups, by work of W. Liick and T. Schick, both p n and p\ cs can 
be approximated by signatures of finite covers of W where the covering groups are 
p-groups. These finite p-group signatures are closely related to the concordance 
invariants of boundary links studied by S. Friedl [T5] and J. C. Cha and K. H. Ko 

m- 

We finish this paper by mentioning some applications to boundary link concor- 
dance in Section [7l In particular, we show p^ gives a homomorphism from certain 
gamma groups (modulo automorphisms of the free group) to R, generalizing work 
of Cappell and Shaneson. Here, B[n, to) is the group of concordance classes of to 
component, n-dimensional boundary disk links in D n+2 . 

Proposition [773l For each n = 1 mod 4 with n > 1, and each k > 0, there is an 
induced homomorphism 

p k : T n+3 (ZF -» Z)/ Aut F — > M 
that factors through B{n, m). 

2. The Torsion-Free Derived Series 

To define p n , we must first introduce a new characteristic series of a group called 
the torsion-free derived series. In this section, we will define the torsion-free derived 
series and establish some its basic properties. 

If G is a group then G/G {1) is an abelian group but may have Z-torsion. If one 
would like to avoid Z-torsion then, in direct analogy to the rational lower-central 
series, one can define G ( r x) = {x £ G \ x k G [G, G] for some k ^ 0}, which is slightly 
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larger than G (1) , so that G/GJ, 1 ' is Z-torsion-free. Proceeding in this way, defining 
G l r n} to be the radical of [GJ™ -1 ', GJ," -1 '], leads to what has been called the rational 
derived series of G [5D] [5] [13] • This is the most rapidly descending series for 
which the quotients of successive terms are Z-torsion-free abelian groups. Note that 
if N is a normal subgroup of G then N/ [N, N] is not only an abelian group but it is 
also a right module over Z[G/iV], where the action is induced from conjugation in 
G ([x]g — [g xg]). To define the torsion-free derived series, we seek to eliminate 
torsion "in the module sense" from the successive quotients. We define the torsion- 
free derived series G 1 ^ of G as follows. First, set G^ = G. For n > 0, suppose 
inductively that G^ 1 ' has been defined and is normal in G (we will show that G^' 
is normal in G below). Let T n be the subgroup of G£ /]Cr£ \G„] consisting of 
Z[G/Gi7 > ]-torsion elements, i.e. the elements [x] for which there exists some non- 
zero 7 G Z[G/Gh'], such that [x]7 = 0. (In fact, since it will be (inductively) 
shown below that 1\G/G ( ^ ) ] is an Ore Domain, T n is a submodule). Now consider 
the epimorphism of groups: 

/-<(™) 

and define G^" +1) to be the inverse image of T n under ir n . Then G^ +1) is, by defi- 
nition, a normal subgroup of Gg 1 that contains [G# It follows inductively 
that Gm } contains Gh +1) (and G ( r n+1) ). Moreover, since G„ '/ Gh +1> is the quotient 
of the module Gh } / [Gh } , Gh } ] by its torsion submodule, it is a Z[G/G# ] torsion- 
free module [32 Lemma 3.4]. Hence the successive quotients of the torsion-free 
derived subgroups are torsion-free modules over the appropriate rings. We define 
G&> as usuaL 

We now establish some elementary properties of the torsion-free derived series of 
a group. Recall that a group is poly- (torsion- free abelian) (often abbreviated 
PTFA) if it has a finite subnormal series whose successive quotients are torsion- 
free abelian groups. Such a group is solvable, torsion free, and locally indicable 
[551 Proposition 1.9]. If G is PTFA then ZG is an Ore domain and hence admits 
a classical (right) ring of quotients ICG, into which ZG embeds [2S1 pp. 591-592]. 
Hence any finitely generated (right) module M over ZfG/G^ 1 '] has a well-defined 
rank that is defined to be the rank of the vector space M ® Z [ G / G (™>] IC(G/Gh ') [T4l 
p. 48]. Alternatively the rank can be defined to be the maximal integer m such 
that M contains a submodule isomorphic to (Z[G/G„]) m . 

Proposition 2.1. For each < n < ui, G«' is a normal subgroup of G and G/Gh ] 
is a poly- (torsion-free abelian) group. Consequently, Z[G/Gi7 ) ] is an Ore domain. 

Proof. We prove this by induction on n. The statement is clear for n — 0. Assume 
G [ h ] is a normal subgroup of G and G/G^ is PTFA. Let x G G^ +1) and g G G. 
Then x and g~ x xg lie in G^f 1 by assumption. By definition of the right module 
structure on G„/[G„, Gh}, ir n (g~ 1 xg) = ir n (x)g. Since x G G H l+1 \ it n (x) is 
torsion. To show that g~ l xg G G^ +1 \ it suffices to show that Tt n (x)g is torsion. 
Recall that the set of torsion elements of any module over an Ore domain is known 
to be a submodule [33] p. 57]. Since Z[G/G^] is an Ore domain, it follows that 
the set of torsion elements in Gh /[Gh ,G^\ is a submodule. Thus, ir n {x)g is 
torsion and hence Gt +1) is normal in G. 
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Consider the normal series for G/Gg 



< • 



Since the successive quotients of the above series are torsion-free abelian groups, 
G/G£ +1) is PTFA. □ 

For convenience, we will often write G/G^ as G n for any group G (not to be 
confused with the terms of the lower central series of G which we will denote by 
G l £ s in this paper). 

We remark that the torsion-free derived subgroups are characteristic subgroups 
but they are not totally invariant. That is, an arbitrary homomorphism <f) : A — > B 
need not send to B#. To see this, let A =< x,y,z\[z, [x,y]] >, B =< x,y > 
and <f> : A — > B be defined by <j>(x) = x, 4>{y) — y and <j)(z) = 1. Then [x, y] 6 
Ag' since [x,y] is (z* - l)-torsion in /[A$ ,A%>] where = [z] 6 A/A^ but 
(f){[x,y\) = [x,y] £ B l2) — B ( „ (see Proposition[ 



Proposition 2.2. If <j> : A — > B induces a monomorphism </> : A/Ap* <— > B/B„\ 
then 4>{A l £ +1) ) C and hence <fi induces a homomorphism <fi : A/A'^ +1) — > 

Proof. Note that the hypothesis implies that induces a ring monomorphism </> : 
Z[A/A£°] -> Z^/S^']. Suppose that x € A^* +1) . Consider the diagram below. 




s<r +1) 

By definition, tt a (x) is torsion. That is, there is some non-zero 7 G Z[A/A^ l) ] such 
that 7r A (a;)7 = 0. It is easy to check that is a homomorphism of right Z[A/A# ]- 
modules using the module structure induced on B^ / B { ^ +1) by 4> (since (f>(a~~ 1 xa) — 
4>{a)^ 1 4>{x)(j)(a)). Thus 4>(tt a (x))4>('j) — 0. Since 4> is injective, ^>(tt a (x)) is a 
Z[_B/_B^' ) ]-torsion element. But ^>(tt a (x)) = ir B (4>(x)), showing that 4>(x) e B ( h +1} . 
Hence c/)(B^ +1) ) C B% +1 \ □ 

For some groups, such as free groups and free-solvable groups F/F (n) , the derived 
series and the torsion- free derived series coincide. 

Proposition 2.3. If G is a group such that, for each n, G {n) / 'G ( ™ +1) is torsion-free 
as a Z[G/G {n) ]-module, then the torsion-free derived series of G agrees with the 
derived series of G. Hence for a free group F, F^ 1 ' = F {n> for each n. 

Proof. By definition, = G (0) = G. Suppose G ( „ } = G<">. Then, under the 
hypotheses, Gh 1 /[G^ G^ '] is a torsion-free module and hence G^ +1) = ker7r„ = 
[G^G^] = [GW,G(">] = G ( " +1 >. 

It is well known that F ( "> /F (n+1) is a Z[F/F ,( " ) ]-torsion-free module. This can be 
seen by examining the free Z[F/F (n) ] cellular chain complex for the covering space 



HOMOLOGY COBORDISM INVARIANTS 



7 



of a wedge of circles corresponding to the subgroup F (n) . The module F (n> / F (n+1) 
is merely the first homology of this chain complex. Since the chain complex can be 
chosen to have no 2-cells, its first homology is a submodule of a free module and 
thus is torsion-free. Hence, by the first part of this proposition, the derived series 
and the torsion-free derived series of a free group agree. □ 

In [6], T. Cochran and the author prove a version of Stallings' Theorem [31] for 
the derived series. Specifically, it was there shown that if a map of finitely presented 
groups (f> : A — ► B is rationally 2-connected then it induces a monomorphism 

0. : A/A™ - fl/BW 

for all n > [6] Theorem 4.1] (see Theorem 12.41 and Proposition 12.51 below). For 
this paper, we will need the following "generalization" of that theorem. The fol- 
lowing theorem is in fact a consequence of the proof of Theorem 4.1 of [6J. For 
the convenience of the reader, we will sketch the proof of Theorem 12.41 after the 
statement of Proposition [23] 

Theorem 2.4 (Scholium to Theorem 4.1 of [6). Let n be a non-negative integer 
or n — lu. If <f> : A — > B is a homomorphism that induces a monomorphism 
0* : H^A\K{B/BP)) -> H X {B; K.{B/B^)) for each k < n, then for each k < n, 
<f> induces a monomorphism A/A { ^ +1) <—> B/B„ +1) . Moreover, if <fi : A — > B induces 
an isomorphism </>„ : Hx(A;K(B/Bh )) — > Hx(B; K{B/B^ )) for each k < n, then 
for each h < n, (j) induces a monomorphism A„ } /A^ +1> <—* Bj? / B^ +1) between 
modules of the same rank (over1[A/A i 'H ) ] and7L\B / 'B^'] respectively). In addition, 
if <fi is onto then : A/A { £ +1> — > B/B l ^ +1) is an isomorphism. 

The following proposition guarantees that one of the hypotheses of Theorem 12.41 
is satisfied whenever is a rationally 2-connected map. Note that Proposition 12.51 
and Theorem 12.41 together imply Theorem 4.1 of [6j. The justification for call- 
ing Theorem 12.41 a generalization of Theorem 4.1 of [6], is that, in the subsequent 
sections we will describe several conditions (see Proposition 13.151 Theorem 15. 81 
Theorem l6.4[ Proposition l6.6l and Lemma |6.5[) under which the hypothesis of The- 
orem [274] is satisfied but where the 2-connected hypothesis of Theorem 4.1 of [6] 
(and Proposition 12.51 and Proposition 4.3 of [B]) fails. 

Proposition 2.5 (Proposition 4.3 of [6]). Let A be a finitely-generated group and 
B a finitely related group. Suppose <fi : A —> B induces a monomorphism (resp. 
isomorphism) on H\{— ; Q) and an epimorphism on jQ)- Then for each k > 
0, <f> induces a monomorphism (resp. isomorphism) cj)* : Hi(A; K,(B / Bh )) —> 
Hi{B;K{BlB^)). 

Proof of Theorem \2.4\ We sketch the inductive proof of the first claim of the the- 
orem, referring the reader to [Sj for more details. For n = 0, A/A^ is merely 
i2i(A;Z)/{Z-Torsion}. But A/A^ = {e} so K.{A/A^) = Q. Thus our hypothesis, 
that <p induces a monomorphism on H\{— ;Q), implies that 4> induces a monomor- 
phism on H\{— ; Z) modulo torsion. Now assume that (f> induces a monomorphism 
A/A ( h } C B/B ( h } . We will prove that this holds for n+1. 

It follows from Proposition [U that <j)(A l H +1) ) C Thus from the commu- 

tative diagram below we see that it suffices to show that <j> induces a monomorphism 
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/A H 



A/A™ — 



1 



Now suppose that A^'/A^ 1 — > B^ /B„ +1> were not injective. From our discus- 



sions above in the proof of Proposition ^. 21 we see that there would exist an a £ A^ 
representing a non-torsion class [a] in A£ /[A^ ] , A„] such that <f>(a) represents a 
torsion class in B^/[BP, But 

The torsion submodule is characterized precisely as the kernel of the canonical map 
Hx(AiZ[A/A^]) -> Hi(A;Z[A/A^]) ^^w, £(A/A£>) £ ffi(A;IC(A/AW)). 

A similar statement holds for B. But the inductive hypothesis that A/Ah C 
B/Bh guarantees that 

^(Ai^)) - H^A-MB/B^)) 
is injective. Moreover, the hypothesis of the theorem guarantees that 

Hx(A;IC(B/B^)) H X {B;K{B/B™)) 
is injective, leading to a contradiction. □ 



3. Definition of p n 

On the class of closed, oriented (4fc — l)-dimensional manifolds, we will define 
a Q-homology cobordism invariant p n for each n £ N. This will be defined as a 
signature defect associated to the n th term of the torsion-free derived series of the 
fundamental group of the manifold. We begin by recalling the definition of the 
L 2 -signature of a 4fc-dimensional manifold. For more information on L 2 -signature 
and p- invariants see [T31 Section 2], [H] Section 5] and [2"o] . 

Let A be a countable group and UA be the algebra of unbounded operators 
affiliated to A/A, the von Neumann algebra of A. Then a A : Herm„(WA) — > R is 
defined by 

<T^(h)=tr A (p + (h))-ti- A (p_(h)) 

for any h £ Herm„(Z//A) where tr A is the von Neumann trace and p± are the 
characteristic functions on the positive and negative reals. It is known that a A can 
be extended to the Witt group of Hermitian forms on finitely generated projective 
WA-modules. 

Lemma 3.1 (see for example Corollary 5.7 of [11] and surrounding discussion). 
The 1? '-signature, <J^ 2 \ is a well-defined real-valued homomorphism on the Witt 
group of hermitian forms on finitely generated projective UK-modules. Restricting 
this homomorphism to nonsingular forms on free modules gives 

of : L°(UA) — > R. 
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In particular, if h is a nonsingular pairing with a metabolizer then o~ { j^ } {h) = 0. 

Let W be 4fc-dimensional manifold and <& : tt\(W) — » A be a coefficient system 
for W . Let ftw;A be the composition of the following homomorphisms 

(4) H 2k (W-UA) -» ff 2fe (IF,dIF;WA) ^ ff 2fe (PF;WA) A H 2/c (FF;WA)* 

where H 2k (W;UA)* = Uom u ^(H 2k (W;UA),UA). Since WA is a von Neumann 
regular ring, the modules H 2k {W \UA) are finitely generated projective right UA- 
modules. Then hw,A S Herm„(WA) and we define <7 <2> (W, A) = <r^ 2) (hw,\)- We will 
sometimes write a {2) (W, A) as (^'(IF) or cr (2> (VF,<I>) when we want to emphasize 
the map $. 

Suppose that A is PTFA. Let U be a (possibly empty) union of components of 
the boundary of W. Then ZA embeds in its right ring of quotients K.A. Moreover, 
the map from ZA to UA factors as ZA — > /CA — > WA making WA into a /CA — UA-bi- 
module. Since any module over a skew field is free, UA is a flat /CA-module. Hence, 
H 2k (W, U;UA) ff 2 (W, C/; /CA) ®ka WA. In particular, H 2k (W, U; ICA) = if and 
only if H 2 (W,U;UA)=0. 

We will use the following facts about L 2 -signatures throughout this paper. The 
first two remarks follow directly from the definition of a^ 2 '(W, A). 

Remark 3.2. Suppose W is a compact, oriented 4ft-dimensional manifold and 
W : iri(W) — > A is a coefficient system for W. 

(1) If H 2k (W,U;UA) = (or #2a(W,17;£A) = if A is PTFA), where U 
is a (possibly empty) union of components of the boundary of W, then 
aW(W,A) =0. 

(2) If A = {1} is the trivial group then cr( 2 )(W,A) = a(W) where a is the 
ordinary signature function. 

(3) If A C A' then a (2) (W,A) = a (2) (W, A') (see for example, Proposition 5.13 

of ED. 

(4) Suppose V is another compact, oriented 4fc-dimensional manifold, \&' : 
7Ti(V r ) — > A is a coefficient system for V and (V, has the same ori- 
ented boundary as (W, (meaning the maps to A agree on the boundary) 
then 

cr (2) (W Uaiv V 7 , * U = (7 (2) (W, *) - o- (2) (I 7 , *') 

(see for example, Lemma 5.9 of [TTj). 

(5) If IF is closed then cr <2) (IF, A) = a(W) (see for example, Lemma 5.9 of 

ELU). 

We now define p-p(M) for a (4fc — l)-dimensional manifold and coefficient system 
iri(M) — > r. Let M be a closed, orientable, Z-dimensional manifold with Z ^ 
mod 4. It is well known that rM is the boundary of some compact, orientable 
manifold for r G {1, 2}. J.-C. Hausmann showed further [211 Theorem 5.1] that rM 
is the boundary of a compact, orientable manifold IF for which the inclusion map of 
M into IF induces a monomorphism on tt±. That is, rM is stably nullbordant over 
tti(M) for some r £ {1, 2} in the language of Definition 13. 31 below. In ,5j, S. Chang 
and S. Weinberger use this fact to define a new "Hirzebruch type" invariant T( 2 ) for 
a (4ft- 1) dimensional manifold M by setting r (2) (M) = i(cr <2) (IF, tti(IF)) -a(W)). 
To define p n we proceed in a similar manner, stably bounding over iri(M) n instead 
of 7Ti(Af). To do this, we will show that rM is stably nullbordant over T for any 
coefficient system tt 1 (M) — ► T. 
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Definition 3.3. Let M — MiU- • 'UM m be a disjoint union of m connected, closed, 
oriented Z-dimensional manifolds and S = {<fii : wi(Mi) — » Vi)YLi be a collection 
of coefficient systems for M. We say that (M, S) is stably nullbordant (or s- 
nullbordant) if there exists a triple (W, T) where If is a compact, connected, 
oriented (i + l)-dimensional manifold with dW — M, $ : 7ri(W) — > A is a coefficient 
system for W, and T = {9i : Ti <— > A}™ j is a collection of monomorphisms such 
that for each 1 < i < to, the following diagram commutes (after modifying $ by a 
change of basepoint isomorphism) 

7n(Afj) -^i— * r, 



(5) 



$ 1 

7Ti(W) ► A 

where ^ : — » W is the inclusion map. We call the triple (W,$,T) a stable 
(or s-)nullbordism for (M,S). We say that (Mi,«Si) is stably (or s-)bordant 
to (M 2 ,iS2) if (Mi U M 2 ,S\ U ^2) is s- nullbordant. If, in addition, I\ = T for each 
i = 1, . . . , m, we say that M is stably (or s-) nullbordant over V or that (M, T) 
is stably (or s-) nullbordant. 

We remark that stable bordism is an equivalence relation since if (Wi,&i : 
iri(Wi) — A 4t {0 i i ,0 i i+1 }) is an s-nullbordism for (Mi U Mj+i, {(pi, <f>i+i}) (i = 1,2) 
then (VK = W x Um 2 W 2 ,$ : 7Ti(W) -> Ai *r 2 A 2 ,{9[,9 3 }) is an s-nullbordism for 
(Mi U M3, {</>i, ^3}) when $ = $1 * $ 2 , and 0^, 9' 3 are the obvious compositions. 

The proof of the following lemma is similar to the proof of Hausmann's Theo- 
rem 5.1. [2Tj . 

Lemma 3.4. Let M = M± U ■ ■ • U M m be a disjoint union of closed, connected, 
oriented I -dimensional manifolds and S — {<f>i : 7Ti(Mj) — > I\}™ 1 be a collection of 
coefficient systems. If M is nullbordant then (M, S) is s-nullbordant. 

Proof. If r = Ti * • ■ • * r m is the free product of the collection {Ti} then there is a 
natural inclusion Ti <^-» T for each i. By the homological coning construction of W. 
Thurston-W. Kan, T is subgroup of an acyclic group Ar [221 Section 3]. For each 
i, let 9t :Ti ^ Ar be the inclusion of 1^ into the acyclic group Ap. The collection 
{9i o <fii} gives us a map / : M — » if (Ar, 1) such that (/|mJ* — 0« & f° r each i 
and the following diagram commutes. 

f 

M — J —+ K(A T ,1) 
1 

W pt 

Since K(Ar,l) is acyclic, the map K (Ar/, 1) — > pt induces an isomorphism on 
integral homology, hence an isomorphism on oriented bordism theory. Since M = 
dW, this implies that there is a compact manifold W and map g : W' — > K(Ar, 1) 
such that g\ow = f ■ Hence (W',g*, {9i}) is an s-nullbordism for M. □ 



HOMOLOGY COBORDISM INVARIANTS 



11 



Since the ^-dimensional oriented bordism group f2°' (pt) is 2-torsion when I ^ 
mod 4, there is always an (I + l)-dimensional manifold W such that dW — 2M. 
Hence we see that (2M, {4>}) is always s-nullbordant. 

Corollary 3.5. If M is a closed, connected, oriented I -dimensional manifold with 
I ^ mod 4 and <f> : tti(M) — > T is a coefficient system for M then there is an 
integer r 6 {1, 2} such rM is s-nullbordant over V . 

In this paper, we will often assume that M is a 3-dimensional manifold. Since every 
closed, oriented 3-dimensional manifold is the boundary of a compact, oriented 4- 
dimensional manifold, (M, (f) is s-nullbordant for any <fr : tti(M) — > T. 

For a (4fc — l)-dimensional closed, oriented manifold M and homomorphism 
4> : 7Ti(M) — ► T, we define 

p(M,0) := i(a (2) (W/ A) -£r(W0) 
r 

for (W, any s-nullbordism for (rM, 0) where ^(VF) is the ordinary signature of 
W. By the following Lemma, this definition only depends on M and <f). 

Lemma 3.6. p(M,<j)) is independent of the choice of (W,$,6). 

Proof. Let (W,*,T) and (W',$',T') be two s-nullbordisms for (nM, {</>}) and 
(r 2 M, {0}) respectively. Assume that r x = r 2 = 1. Let C = W Li W be the closed, 
oriented 4&-manifold obtained by gluing W and W' along M. Then there is a 
coefficient system for C, 

$ * $' : 7ri(C) = 7Ti(W) ^(M) 7ri(W') -> A * 7ri(M) A' = A * r A' 

such that $ * $'(a) = i\(${a)) for all a G ni(W) where ia : A — » A * r A' sends 
A € A to the word A £ A* r A' (similarly for a E n 1 (W'j). Since : T — > A and 
0' : F — » A' are monomorphisms, the maps and i\r are monomorphisms. Hence 
by RemarkES!©, cr <2) (FF,A) = <r (2) (W, A* r A') and cr (2) (W, A') = cr <2) (W, A* r A'). 
Moreover, by Remark 13.21 (J3J 

(6) < rA '( C ) - = K'U W " "0*0) " « r A'(W') ~ a(W')). 

Since C is closed, by Remark 13.21 ([5|), the left hand side of (J6j) is 0. Therefore, 
a ( ^'(W) — a(W) = cr^)(W) — a(W). The proofs when 7^ 1 are similar and are 
not included since most of our applications focus on 3-manifolds where r can be 
assumed to be 1. □ 

Note that we may occasionally write p(M ) <f>) as pr(M) or p(M, T) when the 
map 4> is clear. As a result of Remark 13.21 (|3"T). pr{M) only depends on the image 
of 7Ti (M) in F. 

Lemma 3.7 (r-induction). Suppose M is a closed, oriented (4fc — I) -dimensional 
manifold and 4> '■ ^i(M) —> T is a coefficient system for M . If 1 : T V is a 
monomorphism then p(M, 4>) — p(M, 1 o (ft). 

Definition 3.8. For each < n < u> and (4fc — l)-dimensional closed, oriented 
manifold M, we define the n th -order p-invariant of M by 

p n (M) := p(M, <j> n :G^ G/G£ +1) ) e E 

where G = m(M). 
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We will now define the n "'-order p-invariant of a link in S 3 . First, suppose 
L C S 3 is an m-component link in S 3 with linking numbers 0. Let N(L) be a 
neighborhood of L in S 3 . 

Proposition 3.9. Let L C S 3 be a link for which all the pairwise linking numbers 
are zero and G = tti(S 3 — N(L)). The longitudes of L lie in G£ ■ 

Proof. Let A, be the longitude of the i th component of L. We will show that for 
each n > 1, A, £ G^°. Since the linking numbers of L are zero, Ai £ G^'. Suppose 
that Xi £ G£ , for some n > 1. Since the longitudes lie on the boundary tori, they 
commute with the meridians Xi. Hence for each i, [x{,Ai] = 1 is a relation in G. 
The relation [a^Aj] = 1 in G creates the relation Aj(l — xi) = in the module 
G£7[G£\ G { £ ] ], showing that A* £ G£ +1) since Xi ± 1 in G/G£\ □ 

By contrast, the longitudes rarely lie in G u , much less lie in G ( "°, the former 
being true if and only if all of Milnor's /I-invariants are zero. The Borromean Rings 
and the Whitehead links provide examples where the longitudes lie in G^ but not 
in G u . 

As a corollary, performing 0-framed surgery on a link with linking numbers 
does not change the quotient of the link group by a term its torsion-free derived 
series. 

Corollary 3.10 (see Proposition 2.5 of [6])- Suppose L C S 3 is a link with link- 
ing numbers 0. Let Ml be the closed 3-manifold obtained by performing 0-framed 
surgery on the components of L and i : S 3 — N(L) — > Ml be the inclusion map. 
Then for each n > 1, 

tt^S 3 -N{L)) ^ 7n(M L ) 
MS 3 ~ N(L))^ ~^ m(M L p 

Proof. The kernel of i* is the normal subgroup generated by the longitudes. But 
by Proposition 13.91 above, the longitudes lie in tti(S 3 — N(L))^ l) for all n > 0. □ 

Hence it makes sense to make the following definition of p n for a link. Note that 
the following definition does not require that the linking numbers be 0. 

Definition 3.11. Let L be a link in S* 3 . For each < n < to we define 

ki{M l ) \ 



p n (L)=p[ M L ,(j> n : m(M L ) 



7ri(M L )£ +1) , 



As an easy example, we show that Pn(#™ i^ 1 x S 2 ) = p n (trivial link) = for all 
< n < lu. 

Example 3.12. Let W be the boundary connected sum of m copies of S 1 x D 3 . 
Then dW = #™i>5' 1 x S 2 . Moreover, the inclusion i : dW — > W induces an 
isomorphism on 7Ti. Let r„ = F/F^ 1 ^ where F = 7Ti(W) is the free group with 
m generators. By definition, p n (dW) = (W) — a{W). Since W is homotopy 
equivalent to a 1-complex, H 2 (W;ZT n ) = 0. Hence, ix^(W) = cr{W) = 0. In 
particular, p n (#™ 1 S 1 x S 2 ) = ^(trivial link) = 0. 

The most important and easiest example to understand is po for a knot in S 3 . 
In this case, po is determined by the Levine- Tristram signatures of the knot. 



HOMOLOGY COBORDISM INVARIANTS 



13 



Example 3.13. Let K be a knot in S 3 . By Lemma 5.4 of [TT] and Lemma 5.3 of 

p (K) = f aUK)du 
Js 1 

where <7 w (-ftT) is the Levine- Tristram signature of K at uj G S 1 and the circle is 
normalized to have length 1. Since (3\(Mk) = 1, the Alexander module of Mk 
is torsion Proposition 2.11]. Therefore, for n > 0, th(M k )h +1) = tti{M k ) {1] '; 
hence p n {K) = p {K). 

A nice property of p n is that it is additive under the connected sum of manifolds. 
To prove this, we show that the torsion free derived series behaves well under the 
inclusion A — > A * c B for suitable G. We start with a lemma. 

Lemma 3.14. Let <f> : C — > G be a homomorphism. If (3\{C) = then the image 
of (j) is contained in G^ 1 . 

Proof. We will show by induction on n that 0(G) C G { £ } for all n > 0. This is 
trivial when n = 0. Suppose for some n > 0, that 4>(C) C G { „ } . Then <j> induces a 
map fa : C/[C,C] -f G^ /[G£\ G%>] - G<; i) /GL" +1) . Since ^(C) = 1, C/[C,C] is 
Z-torsion. However, G£ /G£ is Z-torsion free, hence <j>* is trivial which implies 
0(C) c G<? +1) . □ 

Proposition 3.15. Let A * c B be the amalgamated product of A and B where 
C <—* A and C <— > B are monomorphisms and /3i(C) — 0. For each < n < lj, the 
inclusion i : A —> A * c B induces a monomorphism 

(7\ ■ _A_ A * cB 

{) (A* aB p- 

Proof. Let G = A * c B. For each n > 0, we have the following Mayer- Vietoris 
sequence for group homology with A^G„-coefficients 

— > Hi(C; K-G n ) — > Hi(A; ICG n ) ® Hi(B; ICG n ) — > H 1 (G; ICG n ) 

where the coefficients systems for A, B, C and G are the obvious ones. By Lemma l3.141 
the image of G -> G -* G„ is trivial hence #i(C; ZG„) ^ H X {C; Z) ® z ZG„. 

Since Q is a flat Z- module, JCG n is a flat ZG„-module, and (3i(C) = 0, it 
follows that Hi{C;KG n ) i?i(G;Q) ® Q /CG„ = 0. Here, the map Q -> £G n is 
induced by 1 ^ G„. Thus i„ : Hi(A;KG n ) — > Hi(G;K.G n ) is a monomorphism. 
By Theorem 12.41 i induces a monomorphism A/A^ 1 ' <^-> G/G^ l) as desired. Since 
A/A^ 1 ' <^-> G/Gh for all n > 0, it follows immediately from the definition of 
and G£° that A/A&° <^-> G/G£ } . □ 

Proposition 3.16. Let k > 1 and fei Mi cmd M 2 6e closed, oriented, connected 
(4fc — 1)- dimensional manifolds. For each < n < lo, 

Pn (M 1 #M 2 ) = Pn{Mx) + p n (M 2 ). 

Proof. Let IF be the 4fc-manifold obtained by adding a 1-handle to (Mi U M2) x / 
along some D^" 1 U D^- 1 C (Mi U M 2 ) x {1} and G = Kx(W). Then <9FF = Mi U 
M 2 UMi#M 2 so ^'(W, G„) - <r(W) = p(M u G n ) + p(M 2 , G n ) - p(M 1 #M 2 , G n ). 



Since the inclusion i : Mi#M 2 — > VF induces an isomorphism on 7ri, by Lemma l3.7[ 
p„(Mi#M 2 ) = p(Mi#M 2 , G„). Moreover G = tti(Mi) * tti(M 2 ) and the inclusion 
map ii : Mi — ► FT induces the inclusion map (ii)* : 7Ti(Mi) — > 7Ti(Mi) * 7ri(M 2 ) on 
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7Ti. Therefore, by Proposition 13.151 (ii)* : ni(Mi) n — > G n is a monomorphism for 
all n < L). Thus, by Lemma [3771 p n (Mi) = p(M\,G n ) (similarly for M 2 ). 

To finish the proof, it suffices to show that <t (2) (W, G n ) — <j(W) = 0. To see this, 
we point out that (W,Mi#M2) is homotopy equivalent to (W' ,Mi#M 2 ) where 
W' is obtained by attaching a (4fc — l)-dimensional cell to M\^M 2 . Therefore, 
H 2 k(W,M 1 #M 2 ;A.) = for any coefficient system (f> : m{W) -> T and left ZT- 
module A. Therefore, H 2k (W, Mi#M 2 ;UG n ) = and hence ct <2) (W, G n ) = a(W) = 
0. □ 



4. Homology Cobordism 

Our primary interest in this paper is the study of manifolds up to (rational) 
homology cobordism. We begin with a definition. 

Definition 4.1. Let M™ and M™ be oriented, closed ra-dimensional manifolds. 
We say that Mi is Q-homology cobordant (respectively homology cobordant) 

to M 2 if there exists a oriented, (m+ l)-manifold W m+1 such that dW — MiUM 2 , 
and the inclusion maps ij : Mj — > W induce isomorphisms on ;Q) (re- 

spectively ;Z)). In this case we write Mi ~qjj M 2 (respectively Mi ^zh 

M 2 ) and define the set of rational (respectively integral) homology cobordism 
classes of m-dimensional manifolds to be Hq = {M™}/ ~qjj (respectively TC£ — 
{■\l" n < -•//:•. 

We will show that p n is an invariant of Q-homology cobordism. Since two man- 
ifolds that are homology cobordant are necessarily rationally homology cobordant, 
p n is an invariant of homology cobordism. 

Theorem 4.2. IfM^ 1 is Q-homology cobordant to M^" 1 (k > 1) then p n {M x ) = 

Pn(M 2 ). 

Proof. Let W be a 4&-dimensional manifold such that dW — Mi U M 2 , ij : Mj — > 
W be the inclusion maps, E = tti(W), and Gj = ni(Mj) for j — 1,2. Since 
(£_,•)* : H k (Mj-,Q) -> i/ fe (V; Q) is an isomorphism for fc = 1, 2, (ij), : Hi(Gj-,Q) -> 
Hi(E; Q) is an isomorphism and (ij)* : H 2 (Gj;Q) — > H 2 (E; Q) is surjective. Hence 
by Theorem 4.1 of [6], for each n > 0, the inclusion maps induce monomorphisms 

/. x G 3 E 

Let r„ = E/E^ +1 ^ then we have coefficient systems (/3j) n : Gj — » r„ defined 

by (ij)* o (</>j) n where (<^j) n : Gj -» Gj/(Gj)j^ + is the quotient map. By Re- 
mark O © , we have p„(M,) = p{Mj,Gj -»■ T„). Therefore 

Pn(Mi) - p„(M 2 ) = p(5W,r„) = a (2) (Fy,r„) - a(^). 

To finish the proof, we show that a (2) (W,T n ) — a(W) — 0. Since (ii)* : 
H 2 (Mi;Q) -» H 2 (W;Q) is surjective, the second homology of W comes from the 
boundary. Thus the intersection of any two classes is H 2 (W;Q) is zero. In par- 
ticular a(W) — 0. Let JC n be the classical right ring of quotients of ZT n . Since 
Hi(W, Mi; Q) = for i = 0, 1, 2 then by Proposition 2.10 of [11, H t {W, Mx;K n ) = 
for 1 = 0,1, 2. By Remark [O O , fr (2) (W, r n ) = 0. □ 
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Hence, for each n > and m = Ak — 1 with k > 1 we have have a map 

Pn '■ — > R. 

Note that if Li and L2 are concordant links then their O-surgeries are homology 
cobordant hence p n (Li) = p n (L2). Moreover, p n of the trivial link is as in 
Example HH 

Corollary 4.3. For each n > 0, p n is a concordance invariant of links and is for 
slice links. 

We will use p n to further investigate the structure of concordance classes of links 
in Section [HI 

5. Non-triviality of p n 

We will show that the p n are highly non-trivial. To do this we will show that 
the image of p n : Hq — ► R in R is dense and is an infinitely generated subset of R. 
Before we can do this, we must define a family of examples of 3-manifolds on which 
we can calculate p n . 

5.1. Examples: Genetic Modification. We describe a procedure wherein one 
starts with a 3-manifold M (respectively a link L in S 3 ) and "infects" M (respec- 
tively L) along a curve 77 in M (respectively S 3 — L) with a knot K in S 3 to obtain 
a new 3-manifold M (77, K) with the same homology as M (respectively link L(r), K) 
in S 3 ). This construction is a specific type of satellite constructions which has been 
dubbed genetic infection (see Section 3 of |12j). 

Wc first describe the construction for a general 3-manifold. Let M be a compact, 
connected, oriented 3-manifold, 77 be a curve embedded in M, and K be a knot in 
S 3 . Denote by N{rj) and N(K) a tubular neighborhood of 77 in M and K in S 3 
respectively. Let p v and px be the meridians of 77 and K respectively, and let l v and 
Ik be the longitudes of 77 and K respectively. Note that if 77 is not nullhomologous 
then the longitude of 77 is not well-defined. In this case, we choose l v to be an 
embedded curve on N(rf) that is isotopic to rj in M and intersects p v geometrically 
once. Define 

(8) M( V , K) = (M - Nfo)) Uy (S 3 - N(K )) 

where / : d(S 3 - N(JQ) -» - N (^)) is defined by /*(/i A -) = l^ 1 and = 
p n . If 77 is not nullhomologous, then there is a choice of longitude for 77 and the 
homeomorphism type of M(ry", K) will depend on this choice. Since H*(S 3 — ~N{K)) 
is independent of K, an easy Mayer- Vietoris argument shows that M and M(r), K) 
have isomorphic homology groups. 

Now, consider the case when M = S 3 — N(L) where L is an m-component 
link in 5" 3 and 77 is a curve in S 3 — N(L) C S 3 . Even in the case that 77 is not 
nullhomologous in Hi(S 3 — N(L)) there is still a well defined longitude l n for 77 
since 77 is nullhomologous in S 3 . By choosing this longitude, we have a well-defined 
manifold M(r), K). We now further assume that 77 bounds an embedded disk D in 
S 3 . It is well known that in this case, M(rj, K) is homeomorphic to S 3 — N(L(r], K)) 
where L(rj,K) is another m-component link in S* 3 . Moreover, one can check that 
L(r], K) can be obtained by the following construction. Seize the collection of 
parallel strands of L that pass through the disk D in one hand, just as you might 
grab some hair in preparation for braiding. Then, treating the collection as a single 
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fat strand, tie it into the knot K. Note that in the special case that r\ is a meridian 
of the i th component Li of L then L(r], K) is the link obtained adding a local knot 
K to 

Remark 5.1. If L is a boundary link in S 3 then L(r], K) is also a boundary link 
in S 3 . Hence T(rj, K) is always a boundary link where T is the trivial link. 

Remark 5.2. Let Ml be the result of performing 0- framed surgery on a link L in 
S with all linking numbers and let rj be a curve in S 3 - N(L) C M L that bounds 
an embedded disk in S* 3 . Then Ml (77, K) = Ml( v ,K)- 

Example 5.3 (Iterated Bing doubles of K). Let T be the trivial link with 2 
components and let robing be the curve in Figure [TJ Then robing bounds a disk in S 3 . 
L(r], K) is the link in Figure[2]and is more commonly known as the (untwisted) Bing 
double of K, BD{K). We note that 77 bing £ - where F = tti(5 3 - N(T)). 
Moreover, any (untwisted) iterated Bing double of K can be obtained as T(rj, K) 
where T is a trivial link with m > 2 components and 77 G F^ — F( n+1 ) for some 
n > 1. 



We now construct a cobordism C = C(ry, if, W) between M and M(?y, JsT) for 
which the inclusion maps will behave nicely modulo the torsion-free derived series 
of their respective fundamental groups. Recall that Mk, 0-surgery on K in S 3 , 
is defined as M K = (S 3 - N{K)) U q ST where ST = S 1 x D 2 and 9 : 9(ST) -> 




Figure 1. r? b ing s S* 3 



{trivial link} 




Figure 2. Bing double of K 
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d{S 3 -N(iT)) is defined so that q*({pt} x clD 2 ) = J*. By [H p. 118], M K bounds 
a compact, oriented 4-manifold W such that <r(W) = and ni(W) = Z, generated 
by where t : Mr — > is the inclusion map. We have an exact sequence 

ir 2 (W) -> H 2 {W) -» iJ 2 (7ri(W)). Since 7n(W) S Z, the last term is zero. Hence 
i?2(W^) = image(7T2(W / ) — » ^(W^))- Using the 4-manifold W, we can construct a 
cobordism C = C(i], K, W) between M and M(r], K) as follows. Glue W, as above, 
to M x / by identifying ST C Af K = dW to N(r?) =D 2 x5 1 cAfx {1} so that Z" 1 

is identified with \ik and ^ is identified to Ik- It follows that dC = MU M(ry, if). 
Let i : M — » C and j : M(rj, K) — > C be the inclusion maps. 

We will use this cobordism to show that the difference between Pi(M) and 
Pi(M(r], K)) depends only on po{K) and max{n | -q G {■ki(M)) { £ ) } (see Theorem l5.8l 
below). We begin with some algebraic lemmas that will be employed in the proof 
of Theorem EH 

Lemma 5.4. : m(M) — * tti(C) is an isomorphism. 

Proof. 7Ti(W) = Z which is generated by t* (///<-). Moreover, generates 7Ti(Wn 
(M x /)) = 7Ti (77 x D 2 ). Hence, by the Seifert Van-Kampen Theorem, tti(M x 
I) — ► 7Ti(C), induced by the inclusion map, is an isomorphism. Therefore i* is an 
isomorphism. □ 

In particular, the inclusion map induces isomorphisms between tti(A1)/tti(M)h > 
and 7Ti(C) /iri{C) i f, ) for all i. In order to show that j induces an isomorphism 
between TTi(M(r), K))/-K\{M{r], K)) 1 h and 7ri(C)/7ri(C)^ ) for all i, we appeal to 
Theorem 12.41 and Proposition 12.51 The next two lemmas will guarantee that the 
hypotheses of Proposition 12.51 are satisfied. 

Lemma 5.5. : iri(M(r], K)) — > tti(C) is an epimorphism. 

Proof. Let a be a curve in 7Ti(C). By Lemma T5.41 is an isomorphism. Hence a 
can be represented by a curve in M. Moreover, by general position, we can assume 
a misses N(ry). Push a into M x {1} to get a curve /3 in (M x {1}) — (N(^) x {1}) c 
M(r], K) such that j»(/3) = a. □ 

Lemma 5.6. J* : Tti(M(r], K)) — > 7Ti(C) induces an isomorphism on H\(—]1) and 
an epimorphism on H2(—;Z). 

Proof. Let G = nx(M(r), K)) and E = Tr%(C). Since j induces an epimorphism on 
7Ti, j induces an epimorphism on Hi(-). The inclusion I : M — N(ry) — > M(j],K) 
induces a epimorphism on Hi(— ;Z). Moreover, the inclusion i' : M — N(?y) — > M 
induces an epimorphism on ; Z) and the kernel of is the subgroup generated 
by^eiMM-N^)). 

Consider the following commutative diagram where all of the maps are induced 
from inclusion maps: 

fli(M-N(Tj)) -5» ffi(M) 

Hi(M(i], K)) -h» H^C). 
Suppose a e H\{M(rj,K)) and j'*(a) = 0. Since Z* is surjective, there exists 
7 6 ffi(M-N(?y)) such that Z*(7) = a - Hence i*(Z*(7)) = = 0. Since i* is 
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injective, 7 € ker(^) so 7 is a multiple of \in- Howeover, Z*(//tj) = since in M(j], K), 
H v is identified with Ik, which bounds a surface in S 3 — K C M(r), K). Therefore 
j» : Hi(M(rj,K)) -> H X (C) is a monomorphism. Since H\{M(r),K)) = Hi(G) 
(similarily for E), j* : H\(G) — > H\(E) is an isomorphism. 

Let a £ H2(E), then there exists /3 £ H2(C) such that = a where fc : 

H2(C) — > H2(E) is the map in the exact sequence 

vr 2 (C) -^H 2 (C) ^H 2 (E) 0. 

By a Mayer- Vietoris argument, we see that H 2 (C) = H 2 (W) (B H 2 (M x I) (in the 
obvious way). Since H2(W) = xm(Ti2(W) — > ^(W^)) and any element of -^(PF) 
goes to zero under k, we can assume that (3 £ H 2 (M x i) © {0} = H 2 (M). Let 
be a surface in M representing (3. We will construct a surface S'p C M(rj, if) such 
that fc(j*(['S' ( g])) = fc(i*([S , i a])) = a. This will complete the proof since fcoj, = j„ofc' 
where fc' : H 2 (M(r),K)) -» H 2 (G). 

We can assume that Sp intesects N(r;) in finitely many disks Di. To construct 
S'p, remove each of these disks and replace them with a copy of a chosen seifert 
surface for K in S 3 — K C M(r],K) oriented according the signed intersection 
of r] with Sp. Let F be the surface in W C C obtained by gluing a disk in 
(M x {1}) P\W whose boundary is fi v with a copy of the chosen seifert surface for 
K. Since H 2 (tt 1 (W)) = 0, k([F}) is trivial in H 2 (E). Moreover [S' ] = m[F] + [Sp] 
in H 2 (C) for some m so k(j r ([S'p})) = k(u([S ]j). □ 

Note that M K = dW C C. For each i > 0, let r 4 : 7Ti (-Mr-) 7Ti(C)/7ri(C)^ +1) 
be the composition of the map induced by inclusion tti(Mk) ffi(C) and the 
quotient map 7Ti(C) — > 7i"i(C)/7ri(C')^ +1) . 

Lemma 5.7. i/r^ : 7ri(AfR-) — > 7ri(C)/7ri(C)^ +1) is the homomorphism as described 
above then 

{1} 0<i<ra-l; 
Z i > n. 



Im(Ti) 



Proof. Let £ = ni(C). Recall that tti(Mk) = ir^S 3 - K)/ (l K ) where l K is 
the longitude of K. Hence every element of tti(Mk) can be represented by a = 
Ylidi^Kg^ 1 where gi G ni(S 3 — if) and \xk is a fixed meridian of K. Let r : 
tti(Mk) ^ E be induced by the inclusion of Mk into C. Since \lk is identified to 
i" 1 in £J, we see that r(a) = J^i T (Si)**Gr/) ~ lr (3i) _1 - Moreover, since Z I( G Fir"' 
and P/Pi; +1, E/E^ +1) for all i, r(a) £ P<; +1) for < i < n - 1. Therefore the 
image of Tj is trivial for < i < n — 1 . 

We will prove that the image of Ti is Z for i > n by induction on i. First we 
prove this is true for i = n. Since t(tti(M k )) C -E^"', r([7Ti(Aix), 7Ti(-Mk)]) C 
[ii 1 ^' , E'h'] C £h +1) . Hence we have a well-defined map 

T : Z = 7T 1 (A^)Ai(AiK) (1) -» £/P4" +1) . 

Since Z„ £ Pi, n+1) and P/P { H n+1) Si E/E { H n+1 \ t(vk) = *.(^ x ) £ EjT +1) . Therefore 
r is non-trivial. Moreover, since t(7Ti(Mx)) C , the image of r is contained is 
E ( h > /Eh +1) which is Z-torsion free. It follows that the image of r„ is isomorphic 
to Z. 

To finish the induction, assume that the image of Tj is isomorphic to Z for some 
i > n. Let A = ni(M K ); then by Example [SH A/A% +1} = Z for all j > 0. 
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By assumption, r induces a monomorphism r* : A/A% +1) <^-> E/E l ^ +1) . Thus, by 
Proposition E21 r induces a map t* : A/^^ +2) -> E/E'h +2) . Since = A£ +2) , 

the map t* : A/A^ +2) — > E/Eh is a monomorphism. Therefore the image of tj+i 



Theorem 5.8. Lei M(r),K) be as defined in ® and P ^ m(M). If r) G P^ n) - 
Pjy" 1 ^ /or some rt > i/ien 



Before proving Theorem 15. 8i we establish two easy corollaries. 

Corollary 5.9. Let r/ be a embedded curve in jf^iS 1 x S" 2 f/ia£ is non-trivial 
in F = •K X (#?L l S 1 x S" 2 ). If K is a knot with p {K) ^ i/ien M(rj,K) is not 
Q-homology cobordant to x 5 2 . 

Proof. Since F is a free group, F^ fc) = F (fc) for all k > and -F" = {1}. Therefore 
v e f(n) _ ^(n+i) for some n > o. By Theorem [5H p n (M(-q,K)) = p Q (K) + 
Pr l (#™iS' 1 x S 2 ) = po(K). Thus, if If is a knot with p (K) + then M(r),K) is 
not Q-homology cobordant to #™ jS 1 x S 2 . □ 

Corollary 5.10. Suppose K is a knot in S with po(K) ^ 0. Then no iterated 
Bing double of K is slice. 

Proof. Any iterated Bing double of K can be obtained as T(t], K) where r\ is a 
non-trivial commutator of length m + 1 where m is the number of components of 
T(r],K) [7j. Therefore, 77 is a nontrivial element in F^/F^ n+1 ^ for some n > 1 
where F = tti(T). By Theorem El p n (T(rj, K)) = p (K) ^ 0. Hence T(fy,F) is 
not slice. □ 

Subsequent to our work, it has been shown that if the Bing double of K is slice 
then K is algebraically slice [4]. 
We will now prove Theorem 15.81 

Proof of Theorem \5.8[ Let W be as defined before, V be an open neighborhood 
of M K = dW in W, W v = W - V, and C v = C-W v where C = C{n, K, W) 
is as described in the discussion preceding Lemma 15.41 Then V is homeomorphic 
to Mk x [0, 1] and Cy can be obtained by gluing M x [0, 1] to Mk x [0, 1] where 
T) x D 2 is identified to ST = D 2 x 5 1 in Mk- It follows that Cy has 3 boundary 
components; in particular, dCv = M U M(rj, K) U Mr-- 

Let G = TTi(M(r], K)), E = 711(C), and P, = E/E% +1) for i > 0. Since C v C C, 
there is an obvious coefficient system tvi(Cv) r« (similarly for M, M(rj,K), 
and Mk)- By Lemmas 15 .41 15.51 and 15.61 Theorem 12. 4i and Proposition 12.51 i, : 
P/Ph +1) — > Ti and : G/G'h +1) — + are isomorphisms for all i > 0. Therefore, 
Pi (M) = p(M,r,) and p 2 (M(rj,K)) = p(M(n, K), Lj). Hence we have 

(9) Pi{M) - Pi(M{r), K)) + p{M K ,Ti) = a^{C Vl T t ) - a(C v ) 

for all i > 0. 

Since the abelianization of tti(Mk) is Z, there is a unique surjective homomor- 
phism 7Ti(M/f) -» Z up to isomorphism. Therefore, by Lemma 15.71 and Lemma 13.71 
we have p{M K , T,) = p {M K ) for all i > n, and p(M K , Ti) = for < i < n - 1. 



is Z. 



□ 
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m( v ,k) 




M x {0} 



FIGURE 3. The 4fc-manifold C v with dC v = M U M(r), K) U M K 

To finish the proof, we will show that cr (2) (Cy, r i ) — cr(Cv) = for alii > 0. Since 
lAYi is a fiat ZFi-module it suffices to show that the map induced by the inclusion 
H 2 (dC v ; ZTi) -> H 2 (C v ;ZT l ) is surjective for -1 < i (recall that T_i = {1}). 

Recall that Cy = Mk x I U„ X £>2 M x I. Consider the Mayer- Vietoris sequence 



By Lemma [5771 if i < n — 1 then Mk lifts to the IVcover hence H\(Mk x /; ZTi) — 
ZTi is generated by pk ■ Moreover, in this case, r] lifts to the IVcover and Hi(rj x 
D 2 ; ZTi) -»• Hi(M K ;ZTi) is an isomorphism. Therefore H 2 (M K xI; ZT l )®H 2 {M x 
I; ZTi) — ► H 2 (Cv\ZTi) is surjective for i < n — 1. If i > n, then the image of 
7ri(?7 x D 2 ) in is Z by Lemma O Hence H^rj x D 2 ;ZTi) = 0. Thus for i > n 
we have that H 2 (M K x I; ZTi) © #2(M x JjZr,) -> H 2 (C v ;ZTi) is surjective. It 
follows that if2(<9CV; 2T\) — > ^(CVs^Tj) is surjective for alH > — 1. □ 

5.2. Non-triviality of Examples. For each knot K in S 3 , there exists a degree 
one map fx ■ S 3 — K — > S* 4 — T (where T is the unknot) that induces an isomorphism 
on homology with Z coefficients and fixes the boundary. Hence, there is a degree 
one map f K : M(t], K) — > M(r/, T) = M that induces an isomorphism on ; Z). 
Recall that Hq is the set of Q-homology cobordism classes of closed, oriented Tri- 
dimensional manifolds. For a fixed closed, oriented m-dimensional manifold M , we 
define H$(M) C 7Yq as follows: [N'] G HJq{M) if there exists an JV such that 
[N] = [iV] G 7Yq and there exists a degree one map / : N — > M that induces an 
isomorphism on if*(— ; Q). By Proposition ^. 16} /O n is additive under the connected 
sum of manifolds. Therefore the images of p n : Hq(M) — > K and p„ : 7Yq — > R are 
subgroups of R. 

Theorem 5.11. Let M &e a closed, oriented i-manifold, G — ni(M) and n > 0. 
If / G { S +1) ^ {1} tfien ift,e ima^e o/p„ : H\(M) -> R is (ij dense in R and 
an infinitely generated subgroup o/R. In particular, the image of of p n : H.q — > R 
is (1) dense in R and f<?) an infinitely generated subgroup o/R . 

Proof. Let — 2 < r < 2. By [31 Section 2], for all e > 0, there exists a knot K r fi in 
S 13 such that 



H 2 {M K x JjZr,-) © ff 2 (M x /;ZTi) -► H 2 (C v ;ZTi) -» ^(ry x D 2 ;Zr,) 

Hi (M x I; ZTi) © ffi (Mk x I; ZTi). 
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Here, <Ju{K) is the Levine- Tristram signature of K at u> £ S 1 and the circle is 
normalized to have length 1. By [IIJ Lemma 5.4], pq(Mk) — J s i cr u] (K)dui for any 
knot K in S 3 . Let 77 be a curve in M representing an element in G^' — G„ +1) . 
Then by Theorem 15.81 p n (M(m K)) = pq(Mk). Moreover, by the above remarks, 
there is a degree one map from M(r],K) to M hence r £ p n {Hq(M)). 

For arbitrary r £ R there exists a positive integer m such that r/m £ (—2,2). 
Let e > and set e' — e/m. As above, there exists a knot K r / m e i such that 
\po(MK r/m t , ) —r/m\ < e'. We remark that K\#Ki can be obtained as Mk x (?7, -^2) 
where r\ is a meridian of in Mfc ± - Hence by Theorem 15 . 81 po{^Ki#Ka) = 
p (M Kl ) + po(M K2 ) (this can also be computed directly). Hence po(M mK ) — 
mpoiMjc) where mK is the connected sum of K with itself m times. Therefore 



po(M mKr/mc ,) - r =m p Q (M Kr/m y ) - r/m 



< me 



As before, it follows that r £ p n (Hq(M)) . This completes the verification that the 
image of p n is dense in R. 

By Proposition 2.6 of |12j . there exists an infinite set {Ji\i £ Z + } of Arf invariant 
zero knots such that {po(Mji)} is linearly independent over the integers. Therefore 
{p n {M(r), Ji))} is an infinitely generated subgroup of R. Since p n {Hq{M)) is an 
abelian group that contains this subgroup, it is itself infinitely generated. □ 

Let T be a trivial link. If L is a boundary link then, just as for a knot, there 
is a degree one map S 3 — L to S 3 — T that fixes the boundary and induces an 
isomorphism on homology. In particular, there is a degree one map from the 0- 
surgery on a boundary link with m components to the connected sum of m copies 
of S 1 x S 2 that induces an isomorphism on homology. Thus, for each m > 1, we 
can consider the subset H^ b (m) C H^(#™ 1 S' 1 x S 2 ) defined by [N'} £ H^ b if 
[N 1 ] = [N] £ Hq where N is 0-surgery on a boundary link in S 3 . As before, for 
each n and m, the image of p n : T& (m) — > R is a subgroup of R. 

Corollary 5.12. For each n > and m > 2, the image of p n : TLq b (m) — > R is 
(1) dense in R and (2) an infinitely generated subgroup o/R. 

Proof. Let M be the manifold obtained by performing 0-surgery on the trivial 
link with m > 2 components. Then M = #™ 1 5' 1 x S 2 and ni(M) = F(m). Since 
F { h ] /F { h +1) = FO) is non-trivial for n > 0, there exists an 77 £ -F^ +1> . 
We can assume that rj £ 7Ti (S 3 — T) where T is the trivial link in S* 3 since the inclu- 
sion S 3 — T — » AI induces an isomorphism on m . Moreover, we can alter 77 by a ho- 
motopy in S 3 — T to obtain a curve 77' that bounds a disk in S 3 . Thus, as we showed 

31 



in the proof of Theorem 15.111 the image of p n : {M{rf, K)\K is a knot in S } C 
Hq (m) — > R is dense in R and is an infinitely generated subgroup of R. □ 

We will now show that the p n are independent functions. For each m > 2, let 
Vm = {/ : T~£q b (' m ) ~ ¥ K}, be the vector space of functions from the set Hq b (m) to 
R and \^ = {/ : Hq — > R} be the vector space of functions from Hq to R. 

Theorem 5.13. For each m>2, {p n } < ^Lo * s a linearly independent subset ofV m . 
In particular, {/9n}^Lo * s a linearly independent subset of V . 

Proof. Let a = r\pi t + ■ ■ • + rkPi k where are non-zero real numbers, pi, : 
Hq b (m) — > R and ij < iy if j < j'. Suppose a = 0. Let M be 0-surgery on 
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FIGURE 4. The string link L and its closure L 



the m-component trivial link T in S 3 and F — tti(M). As in the proof of Corol- 
lary [532] above, for each n > 0, there is a curve r\ n in S 3 — T such that r\ n bounds a 
disk in S 3 and rj n G - F£ +1) . For each n > 0, let M„ = M(r/„, X) for some K 
with po(-Mif ) 7^ (for example, let K be the right handed trefoil). By the remarks 
above Corollary EUl M n C H^im). By Theorem EH pi{M n ) = for i < n - 1 
and p n (M n ) ± 0. Hence = a(M ik ) = r k p ik (M ik ). Since p ik (M lk ) ^ 0, r fc = 0. 
This is a contradiction. □ 

6. The Grope and (ti)-Solvable Filtrations 

We now investigate the grope and (n)-solvable filtrations of the string link con- 
cordance group (with m > 2 strands) first defined for knots by T. Cochran, K. Orr 
and P. Tcichncr in [11] . We will show that the function p n is a homomorphism on 
the subgroup of boundary links and vanishes for (n + l)-solvable links. Using this, 
we will show that each of the successive quotients of the (n)-solvable filtration of 
the string link concordance group contains an infinitely generated subgroup (even 
modulo local knotting). We will also show that a similar statement holds for the 
grope filtration of the string link concordance group. The reason that we study 
string links instead of ordinary links is that the connected sum operation for ordi- 
nary links is not well-defined. Thus, in order to have a group structure on the set 
of links up to concordance, we must use string links. 

We begin by recalling some definitions. Recall that an m-component string 
link (sometimes called an m-component disk link [531 EH]) is a locally flat embedding 
/ : U m J — > D 3 of m oriented, ordered copies of / in D 3 that is transverse to the 
boundary and such that f\\J m dI is the standard m-component trivial 0-link in S 12 , 
jo : Ll m 9I — » S 2 . Two m-component string links /, g are concordant if there exists 
a locally flat embedding F : U m J X I — > D 3 x / that is transverse to the boundary 
and such that F\U m I x {0} = f,F\U m I x {1} = g and F\U m dIx 1 = j xidi. The 
concordance classes of m-component string links forms a group under stacking (see 
Figure [5]) which we denote by C(m) (see [15] for more details). In the literature this 
group is often denoted C(m, 1) or CSL(m). This group is known to be non-abelian 
when m > 2 |15j and abelian when m = 1. Let B(m) be the subgroup of boundary 
disk links in C(m). 
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If L is a string link then the closure of L, denoted by L, is the oriented, ordered 
m-component link in S 3 obtained by adjoining to its boundary the standard trivial 
string link. A string link is equipped with a well-defined set of meridians that we 
denote by fii,... ,/i m . 

6.1. (n)-solvable filtration of C(m). In [TTJ Definition 8.5, p. 500] and [TTl 
Definition 8.7, p. 503], Cochran, Orr, and Teichner define an (n)-solvable knot and 
link where n £ We recall the definitions here. We first recall the definition of 

an (n)-Lagrangian. Let M be a fixed closed, oriented 3-manifold. An iJi-bordism 
is a 4-dimensional spin manifold W with boundary M such that the inclusion map 
induces an isomorphism H\(M) = H\(W). For any 4-manifold W, let W^ n ' denote 
the regular covering of W that corresponds to the n th term of the derived series of 
tt\{W). For each n > 0, one can define the quadratic forms A„,/x„ on H^iyV^) 
in terms of equivariant intersection and self-intersection numbers of surfaces in W 
that lift to the cover is a closed, oriented, immersed, and based surface 

in W that lifts to then F is called an (n)-surface. See [TTJ Chapter 7, pp. 

493-496] for the precise definitions. 

Definition 6.1. Let W be an Hi-bordism such that Ao is a hyperbolic form. 

(1) A Lagrangian for Ao is a direct summand of H2(W) of half rank on which 
Ao vanishes. 

(2) An (n)-Lagrangian is a submodule L C ^(W^) on which X n and \x n 
vanish and which maps onto a Lagrangian of the hyperbolic form Ao on 
H 2 {W). 

(3) Let k < n. We say that an (n)-Lagrangian L admits (k)-duals if L 

is generated by (n)-surfaces h, . . . ,l g and there are (k)-surfaces d\,...,d g 
such that H2(W) has rank 2g and 

Afc(?i, dj) = Sij. 

We now define (n)-solvability for a 3-manifold or link in S 3 . 

Definition 6.2. Let M be a closed, oriented 3-manifold and n G N. M is called 
(O)-solvable if it bounds an iJi-bordism W such that (-^(WO, Ao) is hyperbolic. 
M is called (n)-solvable for n > if there is an i^-bordism W for Mthat contains 
an (n)-Lagrangian with (n)-duals. The 4-manifold W is called an (n)-solution for 
M. A link L in S 3 is said to be (n)-solvable if the zero surgery on L is (n)-solvable. 
A string link L £ C(m) is said to be (n)-solvable if L is (n)-solvable. 

Definition 6.3. Let M be a closed, oriented 3-manifold and n £ No- M is said 
to be (n.5)-solvable if there is an 7?i-bordism for M that contains an (n + 1)- 
Lagrangian with (n)-duals. The 4-manifold is called an (n.5)-solution. A link L in 
S 3 is said to be (n.5)-solvable if the zero surgery on L is (n.5)-solvable. A string 
link L £ C(m) is said to be (n.5)-solvable if L is (n.5)-solvable. 

Hence, for each m > 1, we can define a filtration of the string link concordance 
group 

' " c -r (n.5) C • / " (n) C ' ' ' C S (0.5) c ^(O) c <~H m J 

by setting T 1 ^ to be the set of (n)-solvable L £ C(m) for n £ ^No. It is easy to 
check that is a subgroup of (7 (to) and in fact is a normal subgroup of C(m) 
for each to £ N and n £ |Nq. 
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When m = 1, C(l) is the concordance group of knots which is an abelian group. 
It was shown in [IT] that CjJ-}^ = %i given by the Arf invariant and C/J 7 ^ ^ is J. P. 
Levine's algebraic concordance group which is isomorphic to Z°° © © Z|° [25] . It 
was also shown in [TTJ[T2] that Th^l ' 5) f° r n = ^'^ nas infinite rank. Moreover, 
in [13], Cochran and Teichner showed that that for each n € N, T} n \/J-} n 5 \ is of 
infinite order. However, it is still unknown whether !F} n \ /3~} n 5 \ has infinite rank 
for n > 3. 

For m > 2, we will show that for all n G No, •^(™)/-7 r (™ +1 ) contains an infinitely 
generated subgroup, the subgroup "generated by boundary links" defined as follows. 
We define the (n)-solvable filtration of B(m), the subgroup of boundary string links, 

by 

(10) B^^(m)n^. 

Then for each n > 0, BJ^JBJ^^ is a subgroup of Ffoj 'J r ( ™ +1) . We will show 
that the abelianization of BT^/BJ 7 "^^ has infinite rank. It would be very in- 
teresting to know whether BT^jBT"^ 5 % is infinitely generated. It would be even 
more interesting to exhibit non-trivial links in BJ-J^ fyl&Ffa+yy To show that 
^Tnl/^^fn+i) * s infinitely generated, we show that p n is a homomorphism on the 
subgroup B(m) and that p n vanishes on (n + l)-solvable links. We begin with the 
latter. 

Theorem 6.4. If a 3-manifold M is (n)-solvable then for each (n)- solution W and 
k < n, the inclusion i : M — ► W induces monomorphisms 

(11) u : ffi(M;/C(7ri(W0AiGW)) ^ ^(W; K(m(W)/iri(W)™)) 
and 

. i 7Tl(M) 7Tl(W) 



(12) 



and 

(13) p fc _i(M) = 0. 

Thus, if L e ^(n) i/ien pk-i(L) — /or k < n. 

Proof. Let be an (ra)-solution for M, G = vri(Af), and £ = 7ri(W). We will 
prove the result by induction on k. The result is clearly true for k — (here 
P-i(M) = for any M). Assume the result is true for some k < n — 1. 

Let W^ fc+1) be the regular cover of W corresponding to the k th term 

of the torsion-free derived series of E. Since E {n> C -E^ 1 C £'^ fc+1) , admits a 
"torsion-free (fc + 1)-Lagrangian" with "torsion-free (k + l)-duals." Specifically, 
there are intersection and self- intersection forms Af +1 and p" +1 on Hi{Wg +r> ). We 
project the (ra)-Lagrangian L and (n)-duals for L to H 2 {Wh +1) ) to get "torsion free 
(k + l)-surfaces" l\, . . . , l g , d\, . . . , d g such that 

>>k+i(U,lj) = and Xk + i{k, dj) = Sij 

for 1 < i,j < g. 
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Recall that for a group E, E k +i = E/Eh ■ We will show that {h, . . . , l g , d±, . . . , d g } 
is a ZE k+ i -linearly independent set in H 2 {Wh )■ Suppose 

9 

= y]mjk + nidi 

i=0 

for some mj, £ 1E k+l . Then applying A£_ 1 (ij , — ) we get 

s 

= ^2mi\% +1 (l j ,l i ) + n i \% +1 (l j ,d i ) = rij 

t=0 

for 1 < j < g. We now apply X^ +1 (~,dj) to the new equality = J2i=o m ^i to 
get rrij = for all 1 < j < g. Therefore < z < g} is a linearly indepen- 

dent set. Thus {li, . . . , l g , di, . . . , d g } generates a rank 2g free Zi? fc+1 -submodule of 
H 2 {W { h +1) ). Moreover, since 

rank KiSfc+1 H 2 (W;K,E k+1 ) < (3 2 (W) = 2g, 

by Proposition 4.3 of 1 lj , {/i, . . . , l g , di, . . . , d g } generates H% (W; K.E k+ \ ) as a 
/Ci? fc+1 -module. In particular, H 2 (W; JCE k+ i) is a free /C-Efc + i-module of rank 2g. 

Consider the homomorphism h w ^ Ek+1 : H 2 (W; K,E k+ i) — > H 2 (W; ICE k+ i)* de- 
fined by replacing the coefficients UK in Section [3] ([J| with /CA where A = E k+ i . 

Since /iw,E fc+1 (di)(Xj) = ^k+l(ki dj)®K.E k+1 = S lj and h w ,E k+1 (k)Qj) = Xk+i{k,lj)® 
K.E k+ i = for 1 < i, j < g, we can use the same argument as before to show that 
if hw,E k+1 G3i=o m ih + n idi) = then m t = = for all 1 < j < 5. Hence 
hw,E k+1 is a monomorphism. However, since hw,E k+1 is a monomorphism be- 
tween modules of the same rank, hw,E k+1 is an isomorphism. In particular, the 
map H 2 (W; JCE k+ i) — > H 2 (W, M; KE k +i) is surjective which implies that the map 
Hi(M ; K,E k+ i) — ► i?i(VT; K.E k +i) is a monomorphism. Hence, by Theorem 12.41 

(14) i • " l(M) ^ ^ 

is a monomorphism. Moreover, (W,(f> k : E — > E k+ i,i* : G k +\ — > £*+i) is therefore 
an s-nullbordism for (M,<j) k : G — > Gfc+i). By definition, p k (M) = (W, E k +\) — 
a(W). 

Since cr(W) = 0, to complete the proof, we show that er^^W 7 , -Efc+i) = 0. 
Recall that H 2 (W, M; ICE k+1 ) S H 2 (M; ICE k+1 )* ^ (lCE k+1 ) 2 a where the iso- 
morphism is given by the composition of the Poincare duality and Kronecker 
map. Thus H 2 (W; KE k +x) — > i?2(W^ M; /CEfc+i) is a surjective map between 
finitely generated KE k+ i -modules of the same rank; hence is an isomorphism. 
Since E k+ \ is an Ore domain, UE k+ i is flat as a right JCE k+ i -module hence 
H 2 (W;UE k+ i) — » H 2 (W, M;UE k+ i) is an isomorphism. By naturality, the (fc+l)- 
Lagrangian above also becomes a metabolizer for hw,E k+ i with UE k+ i coefficients. 
Therefore, /iw,.E fc+1 is a nonsingular pairing with metabolizer so by Lemma 13.11 
a^(W,E k+1 ) = 0. □ 

We now show that p„ is additive on boundary links. We begin with an algebraic 
lemma that will be useful in the proof. 

Lemma 6.5. Let A be a finitely related group, E be a finitely generated group and 
i : A > E be a monomorphism that induces an isomorphism on ;Q). If there 
is a retract r : E — > A then for each n > 0, both i and r induce an isomorphism 
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i* : Aj A H ' 
n > 0, 



E/E'h ] and r* : E/Eh - ♦ A/Ah respectively. Moreover, for each 



TajsK.,„ l ^hH 1 (E;K{ L E/E^ ) )) = rank 



K(A/AW) 



Proof. Since r is a retract and i induces an isomorphism on H\{— ; Q), r induces an 
isomorphism on H\(—\ Q) and a surjective map fla( — ; Q)- Hence, byTheorem4.1 of 
[6] (see also Theorem l2.4l and Proposition ^. 5l of this paper), r induces isomorphisms 
r* : E/Eu — > A/A^ 1 for all n > 0. We will prove i induces monomorphisms : 
A/Ah } E/Eh by induction. This is clear when n = 0, 1. Assume that the result 
holds for some n > 1, then by Proposition 12. 2[ i induces a homomorphism : 

A/A { S +1) -> E/E { h +1) . Moreover, if we postcompose with r* : E/E { h +1) 
A/Ah +1 \ we get the identity. Hence is an isomorphism. The last statement 
follows from the last part of Theorem 12.41 □ 



If L\ and L2 are m-component string links then L\Li is the m-component string 
link obtained by stacking L\ on top of Li as depicted in Figure [5l This stacking 
operation induces the multiplication in the group C(m). 



L\Li — 







In 



J_L_L 



Figure 5. The product of L 1 and L 2 , I\Li 



Proposition 6.6. If L\,L2 6 C(m) anrf L\,L2 are boundary links then for each 
n>0, 

p n (LiL 2 ) = Pn(Ll) + p n (L 2 ). 

Proof. If L\ and L2 are boundary links then L1L2 is also a boundary link. Let 
Mi, M 2 and M be the closed 3-manifolds obtained by performing 0- framed Dehn 
surgery on L\, L2, and ^1X2 respectively. Let M' be the 3-manifold obtained by 
performing 0-framed Dehn surgery along the curves a,\, . . . ,a n in M\jj=M2 as in 
Figure [6] We will show that M' is homeomorphic to M . To see this, we first 
isotope the curve c in M' (by a "handle slide") to obtain the 3-manifold on the 
left-hand side of Figure [7] Note that by Li, we mean the (m+ l)-component string 
link obtained from Li by adding a copy of the "first string" by doing a 0-framed 
pushoff. Then by doing a slam-dunk [5} The Slam-Dunk Theorem, p. 15] move on 
the middle surgery diagram of Figure [71 we see that M' is homeomorphic to the 
3-manifold on the right-hand side of Figure [7J We continue this process until we 
arrive at the surgery description of M' in Figure [H Hence M' is homeomorphic to 

M. 

Thus (Mi#M2)UM = dW where W is a 4-dimensional manifold that is obtained 
by adding 0-framed 2-handles to (M\#M%) x I along the curves ct\ x {!}, . . . , a m x 
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FIGURE 6. The 3-manifolds M 1 #M 2 and M' 




Figure 8. The 3- manifold M, that is homeomorphic to M' 
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{1}. Let E = wi(W), A = tti(A/i), B = 7ri(M 2 ) and fi{, . . . pP m be the standard 
meridians of Lj included into Mj. Then 

E^A*B/( f il=ix 2 1 ,..., f x 1 m =f4 l ). 

Recall that Mi U M 2 U Mi#M 2 = cW where W' is obtained by adding a 1-handle 
to (Mi U M 2 ) X J. Let 1/ = W U Ml #M 2 W then dV = Mi U Af 2 □ M and the 
inclusion map of W into V induces an isomorphism 7Ti(V) = 7n.(W). Let i,j and fc 
be the inclusion maps of Ml,M 2 and M into V respectively and let F„ = E/E% * • 
To complete the proof we will show that (1) i* : A — » F (similarly for j, fc) induces 
an isomorphism -> F„ and (2) a(V, F„) - <r(V) = for each n > 0. Thus, 

p„(A/i) +p„(M 2 ) = p„(M). 

We first prove (1). Let F —< x±, . . . ,x m > be the free group on to generators 
and %b ■ F — > B and 1,4 : F — > A be the inclusion maps of sending Xj h> Then 
E = A *f B. Since F is the fundamental group of 0-surgery on a boundary link, 
there is a retract tb '■ B — > F giving a retract r : E ~^ A where the inclusion is 
i* as above. Therefore, by Lemma T6.51 A/A { h +1) — > L„ is a monomorphism for all 
n > 0. The proof for F is the same as for A. 

Let G = 7Ti(M). We will show that fc» induces an isomorphism G/Gh ~* E/Eg 
for each n > 0. Since A has a retract to F and i_a induces an isomorphism on H\, 
by Lemma RT5l rank^;^ Hi(A; K.A n ) = rank^F™ Fi(F; K,F n ) = to — 1 for all n > 0. 
Similarly, rank^A„ ^F {A; K.A n ) = rank^^^ Fi(F; KE n ). Hence, for all n > 0, 
ranker „ H\{E\ K,T n ) = m — 1. Since G is also the fundamental group of 0-surgery 
on a boundary link, rank^G^ H\{G;fCG n ) = to — 1. 

We will show by induction on n that fc* : G — > £7 induces an isomorphism 
Hi(G; KE n ) -> Hi(E;K.E n ) for all n > 0. First, E = G/ < \}a,gi) > where ^ are 
the given meridians for the string link FiF 2 included into G. Hence Fi(G; /CFo) — > 
Hi(E; ICEq) is an isomorphism. Now, assume that Hi(G; K,E n ) — ► Hi(E;K.E n ) 

is an isomorphism for all k < n. By Theorem l2~4l G/G^ +1) ^+ E/E ( h +1) is an 
isomorphism. Hence, rankjc£„ + i H\(G;K,E n +\) = rankjcc? n+1 F/i(G; /CG„+i) = to — 
1. Since fe* : G — > F is surjective, fc induces a surjective map Hi{G;K,E n+ i) -» 
Fi(F; JCE n+ i) between /CF n+ i-modules of the same rank; hence is an isomorphism. 
Thus, for each n > 0, G/G ( „ } — > F/F^' is an isomorphism by Theorem 12.41 

To prove (2), note that there is an exact sequence coming from the long exact 
sequence of the pair (W, M_) with coefficients in tC(T n ) 

-> Im(a) -> if 2 (W, M_) -> ffi(M_) -> Fi(VK) -> iJi(W, M_) 

where M_ = M A U M B and a : Ff 2 (Vy) -> H 2 (W,M A U Mb)- Since W is ob- 
tained by adding a 1-handle and m 2-handles to M_ x /, ranker -ff 2 (Wi M_) — 
ranker M_) = m— 1. Since rank/cr fli(W) = m — 1 and ranker -Hi(M_) = 

2to — 2, it follows that ranker Im(a) = 0. Hence ff 2 (M_) — > if 2 (W^) is a surjective 
homomorphism. □ 

Corollary 6.7. For each n > anc? m > 1, p„ : B(m) — > K is a homomorphism. 

We now establish the main theorems of this paper. 

Theorem 6.8. For eac/i n > anc? to > 2, ifte abelianization of BJ 7 ™ l - ) /BJ 7 ]™ +1 * j 
has infinite rank. In particular, form > 2, BT^/B!F"^ +l ^ is an infinitely generated 
subgroup of T^/ 
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Proof. Let T be the m-component trivial link in S 3 with m > 2 then F = tt(S 3 — 
T) = tti(Mt) is free group on m-genererators. Let r] be a curve in S 3 — T such that 
T] is a trivial knot and the homotopy class of 77 is in F^ — F^ n+1 \ Define 

(15) S v — {T{rj, K) \K is a, knot in S 3 with Arf invariant zero} C B(m). 

Since the trivial link is (rt)-solvable, by the proof Proposition 3.1 of [12] (this result 
holds if one replaces (n)-solvable knot with (n)-solvable link), T(n, K) is (rt)-solvable 
if the Arf invariant of K is 0. Hence S v C BJ-^y By Theorem 16.41 p n vanishes on 
F™ l+iy Therefore 



Pn 



K? Tin 

(n+l) 



is a homomorphism. 

By Proposition 15.81 p n (T(r], K)) — p n (K). Moreover, by Proposition 2.6 of [T2] . 
there is an infinite set of Arf invariant zero knots {Ji} such that {po(Ji)} is 1- 
linearly independent. Since R is abelian, this implies that the abelianization of 
BJ^/BF^^ has infinite rank. □ 

Since adding a local knot to L 6 B(m) doesn't change p n — Po, we can show 
that BJ-7^./BJ-~^ +l ^ is infinitely generated "modulo local knotting." We make 
this precise starting with the following definition. Let K(m) be the subgroup of 
B{m) of split string links. K(m) is a normal subgroup of C(m) and hence is a 
normal subgroup of B(m). For each n > 0, define — fl K(m). Then 

-^•T^+i) is a normal subgroup of KJ 7 ^ and KJ^J KT^\ is a normal subgroup 
of BT^^jBT^^y Note that adding a local knot to L 6 2?(to) is the same as 
multiplying L by an element of K(m). As a corollary of the proof of Theorem 16.81 
we have the following result. 

Corollary 6.9 (Theorem 16 .81 remains true modulo local knotting). For each n > 1 
and m > 2, the abelianization of 

BT^IBT^ 



has infinite rank; hence (BJ 7 ^y/BJ 7 ^ +1 j)/(KJ r j™y/KJ-j™, ) ) is an infinitely generated 
subgroup of (^ } /^ l+1) )/(K^/K^ n) ). 



Proof. This follows from the proof of Thcorcm l6.8l once we show that p n vanishes for 
(n)-solvable string links with n > 1. To see this, let L e KT'^\ where n > 1. Since 
L is (yi)-solvable for n > 1, po(L) — 0. Since L £ K(m), L can be obtained from the 
trivial string link by tying local knots into the strings. That is, L = L m (r) m , K m ) 
where Li is defined inductively by: Lq is the trivial link and L;+i = Li(j]i,Ki) 
for some r]i G 7Ti(S' 3 — Li) — iri(S 3 — Li)^ and knot iQ. Hence by applying 
Proposition 15.81 multiple times we have p n {L) — J^iLi Po(Ki) = Po(L) = 0. □ 

Question 6.10. Is BJ^JBJ^ ^ (modulo local knotting for m > 2 and n > 1) 
infinitely generated for each n > and m > 1? Is 5)/^^Tn+i) ( m °dulo local 

knotting for m > 2 and n > 1) infinitely generated for each n > and m > 1? 
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6.2. Grope Filtration of C(m). There is another filtration of the link concor- 
dance group called the grope filtration, G™, that is more geometric than the (re- 
solvable filtration. 

Definition 6.11. A grope is a special pair (2-complex, base circles). A grope has a 
height n G N. A grope of height 1 is precisely a compact, oriented surface £ with 
a non-empty boundary. A grope of height (n+1) is defined inductively as follows: 
Let {ai, i = 1, . . . , 2g} be a standard symplectic basis of circles for £, the bottom 
stage of the grope. Then a grope of height (n + 1) is formed by attaching gropes 
of height n (with a single boundary component, called the base circle) to each on 
along the base circle. A model of a grope can be constructed in R 3 and thus has a 
regular neighborhood. Viewing R 3 as R 3 x {0} > R 3 x [—1,1], this model grope 
has a 4-dimensional regular neighborhood. When we say that a grope is embedded 
in a 4-dimensional manifold, we always mean that there is an embedding of the 
entire 4-dimensional regular neighborhood. 

We say that L G C(m) is in Q™ if L G S 3 = d(D A ) bounds a embedded grope of 
height n in D 4 . Note that if L\,Li G C(m) and Li for i = 1, 2 bounds an embedded 
grope of height n in D 4 then L\Li bounds an embedded grope of height n in D A . 

Therefore, G™ is a subgroup of C(m). Moreover, 
normal subgroup of C(m). We call 

Oc-cCc-c G? G C(m) 

the grope filtration of C(m). We define the grope filtration of the concordance 
group of boundary string links by BG™ = G™ H B(m). For more about the grope 
filtration of a knot, see [TTJ [T2l [13] . For more about gropes, see [TBI 117] , 

The (n)-solvable and grope nitrations are related by the following theorem of T. 
Cochran, K. Orr, and P. Teichner. 

Theorem 6.12 (Theorem 8.11 of [H]). If a link L bounds a grope of height (n + 2) 
in D 4 then L is (n)-solvable. 

Hence for all n > and m > 1, £™ +2 C T 7 ^ (and hence BQn+2 C BTYK). Note 
that Cochran-Orr- Teichner only state the above theorem for knots but their proof 
holds for links in S 3 as well. We show that certain quotients of the grope filtration 
are non-trivial. 

Theorem 6.13. For each n > 1 and m > 2, the abelianization of BG™ / BG™+2 h as 
infinite rank; hence BG™ / BG„ l + 2 * s an infinitely generated subgroup of G™ IQn+2- 

Proof. Let 77 be a curve such that the homotopy class of 77 is in — 
where F — iri(S 3 — T) and n > 0. By Lemma 3.9 of [13] . after changing 77 by a 
homotopy in S 3 — T ', we can assume that rj bounds a disk in S 3 and that r\ bounds 
an embedded height n grope in S 3 — N(T). Consider the set S v as defined in ljTo|) 
(but now using these specially chosen isotopy classes for 77). We showed in the proof 
of Theorem 16.81 that p n (S v ) is a Z-linearly independent subset of R. We will show 
that if L G S v then L bounds a grope of height (n + 1). Since BG™+3 C BJ-r£ +1 \, 
Pn '■ BG™+\IBG™+z ~~ * K is a well defined homomorphism. This will complete the 
proof of the theorem. 

Let L G Sri then L — T(r), K) where if is a knot. By Murakami and Nakanishi 
[28] , K can be obtained from the unknot by doing a sequence of delta moves. Hence, 
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in the language of Habiro [19], K is related to the unknot by a finite sequence of 
simple C2-moves and ambient isotopies. Therefore, by Theorem 3.17 of |19) . K is 
the result of clasper surgery on the unknot along U l i=1 C^T it n) where (T^r.;) is a 
rooted symmetric tree of height 1 and the leaves are copies of the meridian of the 
unknot. Therefore, L — T(rj, K) is the result of clasper surgery on the trivial link 
T along U l i=1 C(T^ ri ) where (Ti,r{) is a rooted symmetric tree of height 1 and the 
leaves are copies of r\. Since rj bounds an embedded height n grope in S 3 — N(T), 
by Corollary 3.14 of [13], L bounds a height (n + 1) grope in D 4 . □ 

We remark that there are knots that are the result of a union of clasper surg- 
eries on the unknot along rooted trees of height 2 and have non-zero po (see for 
example Figure 3.6 of [IS])- By the same argument that was used in the proof of 
Theorem 16. 131 we can show that if you choose such a K then L = T(r], K) bounds 
a grope of height n + 2 for n > 0. As a result, we see that the groups BG™ +2 /BG™+3 
are non-trivial for n > 0. 

Proposition 6.14. For each n > 2 and m > 2, the rank of the abelianization of 
BG™/BG™+\ is at least 1; hence G™ /G™+\ contains an infinite cyclic subgroup. 

Just as in the case of the (n)-solvable filtration, Theorem 16.131 and Proposi- 
tion 16.141 are true "modulo local knotting." We formalize this below. Thus these 
results cannot be obtained using the results in [HI H2 H3] . For each n > 0, define 
KQ™ = G™ n K(m). Then KQ™ +1 is a normal subgroup of KQ™ and KG™ /KG™ 
is a normal subgroup of BG™ /BG™+\- The proof of the following corollary is similar 
to the proof of Corollary 16. 91 so we will omit the proof. 



Corollary 6.15. (1) For each n > 3 and m>2, the abelianization of 

BG™/BG™ +2 
KGl?/KG™ +2 

has infinite rank; hence (BG™ /BQ '^2) / '(KG™ / 'KGn+2) * s an infinitely generated 
subgroup of (G™ /G™ +2 )(KG™ /KG™ +2 ). 

(2) For each n > 3 and m > 2, the rank of the abelianization of 

(BG™/BG™ +1 )(KG™/KG™ +2 ) 
is at least 1; hence (G™ /G™+i)/(KG™ / KG™ +2 ) contains an infinite cyclic subgroup. 

7. Applications to Boundary Link Concordance 

We point out some applications of our work to the study of boundary link concor- 
dance and to the abstract determination of certain T-groups and relative L-groups 
that have been previously studied by Cappcll-Shaneson and LeDimet in the context 
of the classification of links up to concordance (sometimes called cobordism) . 

Recall that boundary links are amenable to classification because each compo- 
nent bounds a disjoint Seifert surface (alternatively because the fundamental groups 
of their exteriors admit epimorphisms to the free group) . In fact it was originally 
hoped that every odd-dimensional link was concordant to a boundary link, so the 
classification of link concordance would have been reduced to the case of boundary 
links. Despite the collapse of this hope [10] . boundary links remain an important 
case for study. 
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S. Cappell and J. Shaneson first considered pairs (L, ff) called F-links where L 
is an m-component boundary link and 9 is a fixed map iri(S 3 \L) — > F that is a 
splitting map for a meridional map. They defined a suitable concordance relation, 
called F-concordance, which entailed an ordinary link concordance between Lq 
and L\ but required that the fundamental group of the exterior of the concordance 
admit a map to F extending 9q and 9\. See [1] for details. Let the m-component 
F-concordance classes of (n-dimensional) F-links in S n+2 be denoted by CF(n. m). 
This is an abelian group if n > 1, or if n = m = 1 in which case it is equal to the clas- 
sical knot concordance group. The boundary concordance group of boundary 
links, B(n,m), is obtained by dividing out be the action of Auto(F), the group 
of generator-conjugating automorphisms of the free group, which eliminates the 
dependence on choice of 9. This classification (for n > 1) was later accomplished 
by K. Ko [23] and W. Mio [27] in terms of Seifert matrices and Seifert forms. More 
recently, D. Sheiham completed a more explicit classification in terms of signatures 
associated to quivers [30] . 

For a link L in S n+2 (with n > 1), define Ml to be the (n + 2)-dimensional 
manifold obtained by doing surgery on S n+2 along the components of L with the 
unique normal framing. For each link L in S n+2 where n = 1 mod 4 with n > 1, 
and each k > 0, we define Pk{L) — pk{Mi). It is then relatively straightforward 
(see Proposition 17. ip to show that the p-invariants considered herein give a rich 
source of invariants of CF(n,m) (n = 1 mod 4 and n > 1). One should compare 
[24] where p-invariants associated to representations into finite unitary groups are 
used in an analogous fashion. 

Proposition 7.1. For any k > 0, n = 1 mod 4 with n > 1, the invariant pk 
induces a homomorphism p~k : CF{n, m) — > R that factors through B{n, m). 

Proof. The situation can be summarized in the following diagram where £>(n, m) 
is the group of concordance classes of m component, n-dimensional boundary disk 
links in D n+2 (sometimes called boundary string links if n = 1); where ip is the 
natural lift defined by Levine (24J, Proposition 2.1] (only for n > 1); and / is the 
natural forgetful map. 
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CF(n,m) B(n,m) = CF(n, m) / Auto (F) 



B(n, m) 



{Boundary Links} pk 



concordance 

Since p^ is an invariant of concordance of links, the horizontal composition, 
denoted pk, exists. □ 

The group CF(n, m), n > 1, has been classified by the aforementioned authors 
in terms of T-groups, Seifert matrices and quiver signatures. The biggest question 
in this field is whether or not / is injective. Our results offer further evidence 
that it is injective by showing that many powerful signature invariants (the pk) 
of boundary links, that a priori are only invariants of F-concordance, are actually 
ordinary concordance invariants. 

Question 7.2. How many of Sheiham's quiver-signatures are captured by infor- 
mation from pkl 
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If the {pk} were strong enough to detect all of Sheiham's signatures then it would 
follow that the kernel of / is torsion. 

Since Cappell and Shaneson have essentially identified CF(n,m), n > 1, with 
the quotient of a certain gamma group T„ + 3 (Z_F — > Z) (relative -L-group) modulo 
the image of L n +3(ZF) [1, Theorem 2, Theorem 4.1] we have the following result. 

Proposition 7.3. For each n = 1 mod 4 with n > 1, and each k > 0, there is an 
induced homomorphism 

p k : f„ +3 (ZF -> Z)/ Aut F — ► R. 

Using the techniques of this paper we can also show that each p k extends to 
the corresponding T-groups of the algebraic closure F of the free group, in terms 
of which LeDimet has successfully "classified" the higher-dimensional concordance 
group of disk links [15] . 
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